There have been the approximate analytic solution [47] and several approximate analytic forms [18, 44, 45] [48] are the specific solutions of the exact solutions of the growth factor for general ω de models in Ref.
Introduction
The analysis of the luminosity distance as a function of redshift obtained from distant Type Ia supernovae discovered that the present Universe is expanding at an accelerating rate [1, 2, 3] . One of the most popular solutions to this conundrum is introducing the so called "dark energy" (DE) which is the dominant energy contribution to the present energy of the Universe with its equation of state (EOS), ω de < − 1 3 (for example, [4] ). The combined observations of the large scale structure (LSS) and of the cosmic microwave background (CMB) power spectra have confirmed the cosmic concordance (i.e. a flat universe with the present energy density contrast of the matter Ω 0 m ≃ 0.3 and with that of the dark energy Ω 0 de ≃ 0.7) [5, 6, 7, 8, 9, 10] . Due to our ignorance of the nature of the dark energy, it is practical to use the EOS of the DE, ω de to characterize it [11] . Moreover, ω de is the quantity constrained by cosmological observations [12, 13] . Among the excess of models, the cosmological constant Λ and a quintessence field are the most commonly proposed candidates for dark energy [14] . The former is characterized by ω de = −1 and the latter is a dynamical scalar field leading to a time dependent EOS, ω de (a). Also models with the constant ω de = constant = −1 are important because the effects of the time varying ω de (a) can be predicted by interpolating between models with constant ω de [15, 16, 17, 18, 19, 20] .
The origin of the current accelerating Universe is still in dispute (see for example, [21] ). There are two major theories for this. One is the dark energy and the other is the modified theory of gravities (MG). However, MG are also able to be characterized by the effective EOS which is used for specifying DE models [22, 23] . Unfortunately, observations only probe the cosmological evolution of ω de in an indirect way and there might be some ambiguities to differentiate DE with a specific MG model [24] . However, in most cases, while the two models give the same cosmic background expansion history H(a), they predict different growth rates for cosmic LSS [23, 25, 26, 27, 28, 29] .
Thus, it is important to probe the accurate background expansion history of the Universe in order to constrain the EOS of the dark energy (i.e. its energy density, ρ de ) precisely [12, 13] . Furthermore, the evolution of the matter density perturbation δ m also depends on ω de [16, 30, 31, 32, 33] . The formation of the LSS depends on the sound speed of the DE too [30, 32, 34, 35, 36, 37, 38] . However, in general DE models including the quintessence, the sound speed of DE is close or equal to that of light and the DE is not able to cluster on the scales of galaxy clusters and below [30, 32] . Consequently, the DE only affects the matter power spectrum on large scales (> 100Mpc) [16] . Usually, the LSS measurements probe scales 100kpc ∼ 100Mpc and thus we may not need to worry about the effect of the growth of perturbation of DE when interpreting the LSS survey data.
In sub-horizon scales (k ≫ aH), all the matter density perturbation modes δ m ( k, a) grow uniformly because the dark energy do not cluster (Ω de δ de ≪ Ω m δ m ) and only the pressureless dark matter contributes to the gravitational potential. Thus, the effect of the existence of DE appears only through the Hubble parameter, H(a) and one can use the linear growth factor D(a), defined by δ m ( k, a) ∝ δ H ( k)D(a). From the growth factor, the growth index f (sometimes it is called as "growth rate") is defined as f = [40, 41, 42] . In a flat universe, the growth factor is obtained in the integral form for the cosmological constant Λ [43] . This solution is widely used with the approximate analytic form [44] . This solution is even extended to the general dark energy models ω de = −1 [45] by using the well known growth index parameter γ (sometimes it is called as "growth index") given in the literature [46] . It is also known that the approximate analytic solution of D(a) is obtained in the general dark energy models with the constant ω de [47] . However, the growth index f (a) ≡ Ω m (a) γ obtained from the approximate solution of γ in Ref. [46] causes the discrepancy with the correct one in certain DE models [48, 49, 50, 51] . The approximate solution of γ is insensitive to the time ( i.e. a) and this cause the problem in interpretation of other quantities obtained from this approximate γ. Also the known approximate analytic solution of D(a) in Ref. [47] does not show the proper behavior of D(a) in some values of Ω 0 m and/or some DE models [51] . One may use the definition of f (a) with the assumption of slowly varying or constant γ as in Ref. [46] to obtain the values of D(a) and f (a) close to the real D(a) and f (a) for certain values of ω de and Ω 0 m [46] . However, D(a) and f (a) obtained from this approximate value of γ show the discrepancies with the correct ones in some values of ω de and/or Ω 0 m [48, 50, 51] . Thus, if one does any analysis related to the growth factor and/or growth index with the assumption that γ is almost constant in general DE or MG models, then the results obtained from this γ are not reliable [51] . We have currently available data for f (a) at various redshifts with the large degree of uncertainty though [9, 52, 53, 54, 55, 56, 57] .
In what follows, we analyze in detail the recently obtained exact analytic solution of the growth factor D(a) with the general constant ω de dark energy in a flat universe [48, 49, 50, 51] . We note that the well known analytic solution of D(a) in Ref. [47] is the approximate solution which shows the different behaviors of both D(a) and f (a) from the exact ones for some DE models. We do confirm that the exact analytic solutions of the growth factor with ω de = −1 and − 1 3 obtained in Ref. [48] are the specific solutions of the exact solution of D(a) for general ω de given in Ref. [50] even though they look quite different. In Sec. 3, we compare the cosmological evolution of D(a) obtained from the well known approximate analytic forms of it with those of the exact analytic solution D(a). We also compare the values of f (a) from these two solutions. We analyze the problem of the well known approximation of γ given in Ref. [46] when one use it to obtain D(a) and f (a) in Sec. 4. We investigate D(a) and f (a) with a specific parametrization of ω de and its applications to observations in Sec. 5. We reach our conclusions in Sec. 6.
Sub-horizon scale growth factor
We use the flat Friedmann-Robertson-Walker universe to probe the sub-horizon scale linear density perturbations of matter δ m in the matter dominated epoch,
where ω de is the equation of state (EOS) of dark energy, ρ cr is the critical energy density, ρ m and ρ de are the energy densities of the matter and the dark energy, respectively. We consider the constant ω de and set the present scale factor a 0 = 1. At sub-horizon scales (k ≫ aH), all interesting modes of the matter density perturbation δ m ( k, a) grow uniformly as long as the dark energy do not cluster [16, 31, 32] . It means that we only consider the matter perturbation in Poisson equation in this scale. Thus, the growth factor D g (a) is defined as
where δ H (k) is the scalar amplitude at the horizon crossing generated during the cosmic inflation. The alternative definition of the D g are also commonly used (see for example, [39] )
where δ 0 (k) is the present density contrast. Then we obtain the evolution equation of D(a) from the linear density perturbation equations [40, 58] , 
We replace a trial solution D(Y ) = cY α B(Y ) into Eq (2.6) to get 
where F is the hypergeometric function. Thus, the exact analytic solution of the above equation
D(a) in Eq. (2.9) is just the general solution of the second order differential equation (2.5). Thus it does not have any physical meaning yet. It may represent the growing mode, the decaying mode or none of them before we choose the integral constants c 1 and c 2 . If we want to have the correct growing mode solution from the above analytic solution, then this solution should follow the behavior of growing mode solution at an early epoch, say a i ≃ 0.1. In other words, the coefficients of the general solution should be fixed by using the initial conditions of the growth factor,
After we fix the coefficients from the initial conditions, we are able to determine the growth factor D g (a) from the general form of solution D(a) in Eq. (2.9). If one want to obtain the decaying mode solution D d (a) from Eq. (2.9), then one need to adopt the decaying mode initial conditions to obtain the correct coefficients
Now we compare the exact growth factor in Eq. (2.9) with the well known approximate growing mode solution [47] ,
We rewrite the second term in Eq. (2.9) using the linear transformation formula of hypergeometric function [59] , ≃ 1, respectively. As we show in Tab. 1, c sw1 and c sw2 show discrepancies for the different models. As ω de decreases, the difference between the two coefficients also decreases. The same effects happen when Ω 0 m is big. Thus, D sw is a good approximate solution for the small value of ω de and the big value of Ω 0 m .
9) if and only if
One may suspect that this discrepancy between c sw1 and c sw2 might be due to the choices of initial conditions. We investigate this as follows. The exact values of initial conditions can be obtained numerically from Eq. (2.5), 
Since D sw has only one coefficient, the growth index obtained from D sw is independent of c sw . If we choose the exact values of initial conditions given in Eq. (2.16), then the value of the growth index at the initial epoch will become
Therefore, f sw (a = a i ) is not same as f (a i ) given in Eq. (2.18). This problem also happens when we choose the approximate initial conditions (2.10). Thus, the value of the growth index obtained from D sw shows the intrinsic discrepancies with that obtained from the correct growth factor D g as shown in Tab. 2. We find that the present value of f for Ω 0 m = 0.4 should be close to 0.6 independent of ω de and thus Fig. 3 in Ref. [47] is incorrect.
Recently, we have also obtained the exact analytic solution of D(a) for ω de = −1 [48] . There we have found that the solution of D g for ω de = −1 is given by
The form of D L g (a) looks quite different from D g (a) in Eq. (2.9). However, when ω de = −1, the general solution D(a) becomes
where we use the relation F j, k, j, −Y = F k, j, j, −Y = √ 1 + Y in the second and the third equalities [59] . Thus, the solution D L g (a) given in Eq. (2.19) is one of the particular solutions of D(a) when ω de = −1. We are also able to obtain the particular solution of D(a) when ω de = − 1 3 by using the same relation.
where arctanh is the inverse hyperbolic tangent function.
Comparison with known approximate solutions
There are several well known approximate analytic forms of the growth factor [18, 44, 45] . For the cosmological constant (i.e. ω de = −1), the well known approximate form of the growth factor at present is given by [44] 
where Ω 0 Λ is the present value of the energy density contrast (ρ 0 Λ /ρ 0 cr ) of the cosmological constant Λ. One is not able to obtain the growth index from the D 0 cpt because it is a constant. Thus, the approximate analytic form of the growth index f lahav is given separately in Ref. [42] :
The above solution is generalized to any value of a in Ref. [18] :
We compare this solution D cpt with the exact one in Eq. (2.20). There is also another approximate analytic solution D bp for the general values of ω de [18, 45] . This solution is obtained from the well known parametrization of the growth index and its parameter in Ref. [46] ,
where
The approximate growth factor D bp is known as the extension of D cpt in Eq. where γ 0 ws is the approximate form of the growth index parameter by choosing Ω m (a) = Ω 0 m in Eq. (3.5) and A is the fitting coefficient in Ref. [18, 45] 
Even though the value of D bp at any epoch a is very close to that of D g , its evolution behavior is quite different from that of D g . We show this in Fig. 3 . In the left panel of Fig. 3 , the solid line corresponds to D g and the dashed line depicts D bp with A given in Eq. (3.8) for ω de = −0.8 and Ω 0 m = 0.3. Even though the error in D bp at present is about 3 %, there is the discrepancy in cosmological evolution behaviors of D g and D bp . This discrepancy is clear when we compare the growth index f and f bp as shown in the right panel of Fig. 3 . The solid line describes f and f bp is depicted by the dashed line. The error in f bp is more than 20 % at present.
As we show in Figs. 2 and 3 , one might be able to obtain the value of the growth factor with small error from the approximate analytic solutions of the growth factor. However, one needs to pay attention when one considers the growth index. Especially, D bp might not be used to compare with observations because of the incorrect behavior of f bp obtained from the approximate analytic solution D bp for some DE models. 
Eq. (4.1) is slightly changed from the original D ws in Ref. [46] which is normalized to the growth factor at the present epoch [27] . It is known that the growth factor D ws and the growth index f ws obtained from these parameterizations are very close to the correct values of D g and f [27] . However, this is true for small values of ω de and/or for big values of Ω 0 m . The evolution of the growth factor D ws based on this parameter γ ws shows the discrepancy with the correct D g for the values of ω de bigger than −1 [51] . Both growth factor and growth index are important to probe the power spectrum, the evolution of the mass function, the large scale structure statistics like in the gravitational lensing, the peculiar velocity, and so on. Thus, we need the accurate values of both D g and f to probe the DE and/or MG models correctly.
We show the deviation of D ws from D g for the different values of ω de in Fig. 4 . In the left panel of Fig. 4 , the dashed line describes the evolution of the growth factor D ws obtained from Eqs. Even though one is able to obtain the very close values of physical quantities like D and f to the correct ones from the fitting formulae, one should be careful for extending those formulae in general cases. Especially, one needs to pay more attention when one adopts them to differentiate DE with MG. We obtain the analytic solutions for D g and f that are exact for any DE model. And these solutions give the exact theoretical values of observable quantities. However, the exact solutions are limited to the constant values of ω de . Thus, we need to investigate the generalization of the solutions to more general cases including time-varying ω de . We will explain the possible extensions of them in the following section. 5 Applications for D g (a) and f (a) to time-varying ω de
Even though the growth factor obtained in Eq. (2.9) is only true for the constant ω de , we are able to apply this solution to the time-varying ω de by interpolating between models with constant ω de [17, 18, 19, 20] . For this purpose, we choose the sum of the step functions θ of ω de (a) to probe the evolutions of D g (a) and f (a),
where ω de (j) is the arbitrary value we need to fit from the background evolution observations. We use a specific model of this, ω step de = −0.8θ(a)−0.1θ(a−0.6)−0.1θ(a−0.7), for the demonstration as shown in Fig. 6 . The values of ω de (j) and a j are related to the values of the ω de parameterization which produce the proper background evolution like H(a) [19] . Also, one is able to extend this parametrization to more general cases by putting more steps and/or different values of ω de (j).
The advantages of this parametrization of ω de are the followings. Even though the EOS is a discontinuous function of a (i.e. z), the physical quantities like H(a), D g (a), and f (a) obtained from this ω step de are smooth functions [17] . We are able to obtain the smooth functions D g (a) and f (a) by solving for the proper values of c 1 and c 2 in Eq. (2.9) at each interval. This is shown in Tab. 3. Also the observations constrain the physical quantities in the specific interval of a. Thus, the parameterization of ω de in Eq. (5.1) is a good one to probe the properties of ω de when compared to the observations. Fig. 7 . We obtain the present values of f , (0.5128, 0.5084, 0.4974) when ω de = −1.0, −0.8, and ω step de , respectively. Thus, we obtain very interesting features of D g and f from these DE models. Even though the present values of ω de = −1.0 and ω step de are equal, the evolution behaviors of D g and f are quite different for these two models as shown in Fig. 7 . D(a = 1) values are different by as large as 6 % and the difference in f (a = 1) is about 3 %. Thus, we may have a good chance to tell whether ω de is a constant or not by investigating D g (a) and f (a) at different a intervals.
Conclusion and discussion
We have analyzed the properties of the exact analytic solution of sub-horizon scale matter density perturbation (i.e. growth factor) for the general dark energy models with its equation of state ω de being constant. From the comparison of this solution D g with the well known approximate analytic solution D sw g , we have found that D sw g is a good approximate solution of D g for the concordance model. D g can be expressed with the slightly different functional forms for the specific values of ω de . Especially, we have explicitly shown the alternative forms of D g when ω de = −1 and − 1 3 . The two solutions in Refs. [48] and [50] are equivalent when ω de = −1 or − 1 3 even though they look quite different.
We have investigated the several well known approximate analytic forms of the growth factor. D cpt is the one with the dark energy being the cosmological constant and D bp is the extension of D cpt for the general dark energy models with constant ω de . f cpt and f bp are the growth indices obtained from D cpt and D bp , respectively. When the dark energy is the cosmological constant, D cpt and f cpt are very close to the correct D g and f . However, D bp and f bp show the discrepancies with the correct D g and f for some dark energy models. Especially, the error in f bp for ω de = −0.8 and Ω 0 m = 0.3 is as large as 20% at present. We have also scrutinized the validity of the well known parameterizations of the growth index f ws and its parameter γ ws . The growth factor D ws and the growth index γ ws are very close to the correct ones for the cosmological concordance model. However, the error in the present value of the growth factor D ws obtained from these parameterizations is about 16% for ω de = −0.4 and Ω 0 m = 0.2. The approximate analytic solution D sw , the approximate analytic forms D cpt and D bp , and D ws obtained from the parameterization of γ ws are good approximate solutions of the exact D g for the concordance model. However, all of them show some discrepancies with the correct D g for some DE models and/or Ω 0 m values. Thus, one needs to be very careful when one extends the approximate solutions to the general models and/or other cosmological parameters.
Even though we have obtained the exact analytic solution of D g for the general DE models, this solution is limited to the constant ω de models. Thus, the applications of this solution to the real observations are very limited. However, we can apply this solution to the more general cases like the time-varying ω de by interpolating between models with constant ω de . We have found that D g and f obtained from the constant ω de and the time-varying one are quite different even though we have the same values of ω de s at present. If we are able to obtain a good constraint on ω de from the cosmological background evolution observations, then we will be able to constrain D g and f very accurately. Thus, the exact analytic solution of D g can be used as the very useful tool for the interpretation of LSS survey data.
